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Shock Fitting a Transonic Cascade Solution
into an Inverse Design Technique

Jeffrey W. Yokota* and Adam J. Medd'
University of Alberta, Edmonton, Alberta T6G 2GS, Canada

We present a new Lagrangian-based shock-fitting technique for inversely designing transonic turbomachinery
cascade geometries. This method, which consists of a two-dimensional flowfield integrator, a camberline generator,
and a passage-averaged momentum/pressure boundary condition, generates a cascade geometry to match a pre-
scribed flow turning distribution. A complex-lamellar flow decomposition is used, first to show how discontinuous
geometries are created when one’s total turning distribution is specified to be continuous and shock-generated
entropy gradients are present and then to construct a shock-fitting treatment that actively modifies the specified
turning distribution to counter this effect. Finally, numerical results are presented to illustrate that, with this new
shock-fitting approach, our transonic cascades are both geometrically continuous and faithful to the prescribed
flow turning distribution.

I. Introduction berline, the shape of which is obtained, iteratively, from a no-flux
ITH the increase in their accuracy and efficiency, numerical boundary condition. The flowfield on which this no-flux conditionis
simulations are now being implemented into every aspect of applied is governed by a passage-averagedmomentum analysis that
the aerodynamic design process. In fact, whereas they were once couples the cascade pressure boundary conditions to the prescribed
used mainly for generating postmortem analyses of intermediate flow turning distribution. This approach differs significantly from
designs, numerical methods are now being used for both design the more conventionalinverse-designmethods of Giles and Drela,$
optimization'~ and inverse design*~6 Leonard and Van den Braembussche,'* or Tong and Thompkins.!4
Although inverse methods are often most efficient, they require In these schemes one is required to specify the pressure distribu-
one to specify loading or pressure distributions, which, without tions along the blade’s pressure and suction surfaces, and one has
proper judgement, can lead to poorly performing designs. Target little opportunity to enforce such structural requirements as blade
distributions are often specified without any prior knowledge of thickness. Furthermore, unlike Dang’s® method, it can be difficult to
their appropriateness or ability to be actively modified throughout extend these techniques to three dimensions because pressure dis-
the inverse design procedure. Thus, design-optimization schemes tributions must be specified along streamlines whose paths are not
have begun to attract a tremendous amount of attention. In these easily anticipated.”
schemes, one examines a large design space in hopes of identi- Classical techniques, such as the hodograph method, are capa-
fying the optimal solution to a given number of constraints and ble of generating weak or shockless transonic designs,'*'” whereas
objective functions. Unfortunately, global optimums are not easily current methods, such as Dang’s,” produce discontinuous cascade
obtained without careful construction of the appropriate geometric geometries in the presence of strong shocks."® We will show how a
constraints, adjoint equations, and objective functions.”® In fact, complex-lamellar decomposition of our flowfield, and its passage-
Drela’ has shown that, whereas a multipoint optimization is needed averaged flow turning, can be used to derive a pressure boundary
to control both design and off-design performances, geometries that condition that ensures that our transonic designs are both geometri-
have been optimized over multiple objective functions are often sus- cally continuousand faithful to the prescribed flow turning distribu-
ceptible to small-scale irregularities of significant consequence in tion. With this analysis we will first show how discontinuousgeome-
viscous and transonic flows. Thus, mixed inverse design/design op- tries are created when one’s total turning distributionis specified to
timization scheme are being developed to exploit the strengths of be continuous and shock-generated entropy gradients are present.
each of these approaches.-'%!! Then we will construct a shock-fitting treatment that actively
With this work we presenta new Lagrangian-based shock-fitting modifies the specified turning distribution to counter this effect.
techniquefor inversely designing transonic turbomachinerycascade Finally, numerical results are presented to illustrate the utility
geometries. This technique, which is based on the inverse-design of this inverse design technique and explore a number of different
theories of Hawthorne et al.* and Tan et al.'? in general,and Dang’ in transonicdesigns, both geometricallycontinuousand discontinuous.
particular,could be describedas a shock-basedoptimizationmethod
because it actively modifies a prescribed velocity distribution until II. Governing Equations
a geometrically continuous blade shape is produced. An inverse design technique requires that we develop a coupled
In Dang’s method® a compressiblefinite volume schemeis usedto system of equations from which to obtain both the geometry of
construct the flow around a cascade whose geometry is designed to interestand the flowfield around it. This is in contrastto an analysis
match a prescribed flow turning distribution. The cascade geometry method in which the flow around a known geometry is constructed.
is decomposed into a prescribed thickness distribution and a cam- For an inviscid, compressible flow in the Cartesian coordinate
system(x, y), the conservationlaws of continuity,linearmomentum,
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108 YOKOTA AND MEDD

where p is density, p is pressure, u; = (u, v) are Cartesian velocity
components, E is the total energy, J is the transformation Jacobian
betweenLagrangianand Cartesian coordinates,and summationover
repeated indices is assumed.

The cascade geometry can be defined as

@t =y (f£T/2) @)
where o™ and ™ are the blade’s upperand lower surfaces, f = f(x)
is the blade’s camber line, and 7 = T (x) is the blade’s thickness
distribution. If we then assume that the blade surfaces are no-flux
surfaces, we can write

u-Vot=u-Va~ =0 %)

which, when combined with Eq. (4),> produces following equation
for the camberline

W ) @A) dT @4

6
2 0x 4 dx 2 ©

where the Cartesian velocity components (u™ , u~, v, and v™) are
obtained from the cascade’s upper and lower surfaces, respectively.

III. Numerical Approximation

Whereas the camber line equation, Eq. (6), is discretized into
a one-sided finite difference approximation that is solved alge-
braically, the flow equations (1-3) are combined into a single

nonlinear system
ow =
Edv-i- F-ndo=0 @)

where w={p, pu, pv, pE}, F-e.={pu, pu®>+ p, puv, u(E +

p)}, n is a surface normal, and dV and do are elemental volumes
and surface areas, respectively. This equationis then solved numeri-
cally by the second-order-accurate four-stage multistage scheme of
Jameson et al."” These equations are discretized by a finite volume
formulation that approximates the spatial differences as a bilinearly
averaged net flux across the faces of each mesh cell. Following the
works of Jameson?® and Pullium,?! fourth-differenceartificial dissi-
pationterms are added throughoutthe flowfield to preventodd-even
decoupling of the numerical approximation, and second difference
terms are added near shocks to prevent any undershooting or over-
shooting.

A. Solid-Wall Boundary Conditions

Along the blade surfaces, where ¢ is a surface tangent, the
following flux vectors must be constructed:

F-n*={pu-n,p@-n)’+p,p-n)u-1), - n)E +P)}i( )
8

In an analysis method, where the flow is being calculated around
a fixed geometry, the normal velocities along the solid surfaces are
set to

u-n=0 )

whereas the surface pressures are extrapolated from the interior
flowfield

p(fx£T/2) =p(f£I[T + Anl/2) F Ap/2 (10

where An is the grid spacing in the direction normal to the solid sur-
face and a zeroth-orderextrapolationis producedby setting Ap = 0.

In an inverse-designmethod, where the geometry is not known a
priori, one cannotimpose Eq. (9) directly, butinstead one allows the
geometry to evolve until the no-flux conditionis satisfied, implicitly,
by Eq. (6). Thus, Cartesian velocities from the interior flowfield are
extrapolated to the solid surfaces,

u(f £ T/2) =u(f [T + Anl/2) (11)

v(f £ T/2) = v(f £[T + An]/2) (12)

and pressures are constructed along the cascades upper and lower
surfaces from a first-order Taylor series approximation,

p(f£T/2)=p(f)£Ap/2 (13)

Here the pressuresalong the cascade’s camberline are approximated
by

p(f) =05{p(f + [T + Anl/2) + p(f — [T + An]/2)} (14)

whereas the pressure difference across the cascade, in the pitch-
wise direction, is equated to the mass flow weighted flow turning
distribution

ai

input
The loading distribution takes the form

e
= oxt(1 - x) (16)
dx

where the value of C is chosen to generate a specified amount of
total turning,* whereas the constants a and b are used to control
the general shape of the loading distribution. More specifically, C
is obtained by integrating the prescribed loading distribution from
leading to trailing edge and then equating this result to the total
turning. Thus,

xX=te
Av=C/ x4(1 —x)b dx (17)

x=le

where Av is the total flow turning specified a priori.

B. Solid-Wall Boundary Conditions: Transonic Flow

Although the solid-wall boundary condition, Eq. (15), is applica-
bletoall flows, the transonicdesigns that these flows producemay be
impractical to use. Because this condition requires one to specify a
given loading distribution, a continuouscascade geometry can only
be obtained from a discontinuous loading distribution. Thus, with-
out knowing the effects of the shock a priori, one has little chance
of inversely designing a smooth geometry. In fact, by specifying a
smooth loading distribution,one is attempting to design a discontin-
uous cascade geometry that will effectively cancel the shock with a
correspondingexpansionwave. Althoughthese designs are interest-
ing, they generate flows that are extremely complicated and unlikely
to be realized within a viscous fluid. The boundary layer’s momen-
tum displacement producesa small, but influential, blockage that is
likely to alter the location of the shock-expansion wave interaction
and negate the effectivenessof this design. Thus, we have developed
a new transonic solid-wall boundary condition that ensures that our
designs will be geometrically continuous.

Combining the first and second laws of thermodynamics, we can
write

dp = pdh — p®ds (18)

where © is temperature, / is enthalpy, and s is entropy. This equa-
tion suggests that we modify our pressure boundary condition to
account for entropy gradients within the flow. Thus, we first de-
compose our velocity field into two components, one isentropic
and the other entropy generating, and then use this velocity de-
composition to construct our new boundary condition. Following
Yokota,”>?* we multiply the linear momentum equation, Eq. (2),
by the Cartesian/Lagrangian transformation matrix dx;/dX;, to
produce the tensor equation

D ax; o [wu 9
—{puif—x}—pf—{%}z—f 2 (9
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which can then be integrated as

such that

. o |
u, 2% —a, = 0 /ﬂdt—/—ap & @D
0xX, ox, | 2 p X,

wherea; is a vectorconstantofintegrationdependenton the material
coordinates (X, Y). Applying Eq. (18) to this tensor equation, we
can write

2 —a; = 0 / L dt-l—/@ 95
X, X, 2 X,

By defining the following Weber transformations (see Ref. 24)

de (22)

D .
Do _wwi (23)
Dt 2

Dn_

©) 24
Or (24)

we can rewrite Eq. (22) as

ax; 9 9 3 [ D
g = 00 +n—v—/n e ©s)
2X, ox, " Tox, 5X, | Dr

where A; is a vector constant of integration that satisfies

DA;
- _ 2
o 0 (26)

Given that an inviscid, nonconducting fluid implies

Ds
— =0 27
or (27)
Eq. (25) becomes
ox; ¢ as
“ox, T ax, T T 28

which, when multiplied by 9X;/dx;, produces the following
complex-lamellar decomposition

¢ 0X; as
i =—+A; — 2
! ox; tA 0x; + ”axi (29)

Because the last term in Eq. (29) can only exist downstream of a
shock, we can reinterpret this decomposition as

u; = u +n— (30)
ox;

where u? is the velocity field that would otherwise exist on its own
in a shockless flow. Following Yokota,”> we then substitute this
velocity decompositionback into the linear momentum equation, to
produce

Du? D . Ds i . 1
Duj  Dn ds i{ }_8_{ ﬁ}:__a_z’ G

Dr | Dt ox,  "ox |Dr)  ox |"ox, b ox;
or
Du? as ou ; as ap
— g pe— i, P 32
"B PO TP {”ax,} ox, (32)

Finally, integrating the y component of this momentum equation,
we obtain the following pressure equation

f+85=T)2 Dov° f+85=T)2 3s
Ap = p—dy + p® —dy
7 7 dy

+7/2 Dt +T/2

f+8-T/2
ou; as
- / p—’{n—}dy (33)
f+71/2 ay 0x;

which, for a steady flow, when coupled to our definition of a mass-
flux weighted flow turning, becomes

A L do
= m—
P =

_dv° JESSIR
=m— 4+ o0 —dy
dx f+TN2 ay

f+8S-T)2
ou; as
—/ p—’{n—}dy (34)
; dy | 0x;

+7/2

Thus, our pressure condition requires that we prescribe either the
total flow turning or its isentropic counterpart.

1. Prescribed Total Flow Turning: Shock Capturing

By choosing to prescribe a total turning distribution, one’s cas-
cade geometry will be designed to satisfy the following pressure
condition:

Ap = mE (35)

X input

Although one might prescribe a continuous total turning distribu-
tion, it is obvious from Eq. (25) that the resulting cascade geometry
need not be. In fact, a continuous total turning distribution requires
that the effects of the entropy jump across the shock be canceled
by an equal but opposite jump in the isentropic turning distribution.
Thus, the resulting cascade geometry will also be discontinuous.
Evidence of this behavior can be found in Dang’s® and Dang and
Isgro’s'® work where virtually all of the inversely designed super-
sonic blades are geometrically discontinuous.

2. Prescribed Isentropic Flow Turning: Shock Fitting

A continuouscascadegeometry canbe generatedby first prescrib-
ing a continuous, isentropic turning distribution and then fitting the
effects of the shock into our pressure condition. Thus, our pressure
condition becomes

- f+S-T1/)2 3s
Ap = m— +/ p®—dy
input f+T1/2 8)}
f+S-T1/)2
ou; as
- / p—’{n—}dy (36)
f+T)2 ay ax;

Given that all of our calculations are performed on sheared H grids
whose vertical grid lines are aligned with the y axis, we can invoke
both the first law of thermodynamics

As =5, =51 = Rba|(p2/p)"" V(o1 /)"0 (37)

and the trapezoidal rule to model the integrated entropy-gradient
term as

f+85-T)/2 3s f+85=T)2 As
/ p@)a—dy%/ p® —dy
f y f Ay

+7)2 +T/2

@y -1 y/(y=1
Pj-4
- (3%)
pj+%

where n is the number of mesh cells across the passage, the cell
centers are indexed by the subscript j, and the subscripts j +%
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identify the cell faces. The final term needed to be modeled is the
integrated shock-induced velocity term

fs=1/2 ou; as
Chres v dy
F+T2 y Xj

f+S-T)2
a a
:/ p{ux_u_,’_vs‘_v}dy (39)
f+T)2 dy dy

where u* and v* are the shock-inducedvelocity componentsthatalter
the otherwise isentropic turning distribution. Because the shock-
induced velocity components can only exist in the presence of the
entropy gradients, we model this integrated term as

f+S=T)2
ou ; as
/ p—’{n—}dy
f+T/2 ay 9x;

w1 » @y -1 P y/(y =1
.+l P
~k, E pjln Tz 2z (40)
j=2 pj—% 'Oj+%

where the scalar constant 4 <k, <6 was determined empirically
from several different test cases. Thus, for a transonic flow, our
pressure boundary condition becomes

/@y =1 y/(y =1

ol
3
|
ol—

n+1 pj+
+(1=k) Y pita

Pi-4 e

(41)

which allows us to inversely design a cascade whose geometry is
both continuous and faithful to the prescribed flow turning distribu-
tion upstream of the shock.

Note that because a viscous flow can also be described by a
complex-lamellardecomposition(Yokota?>:2), these boundary con-
ditions could also be used to model the effects of the boundary-
layer-generatedentropy. Thus, for a viscous design, we would treat
the entropy term as either a modeled body force?’ or as the target
variable to be minimized by an optimization scheme.

2 | 1 T ¥

Because our current calculations are only inviscid, we need not
worry about boundary-layer-genented entropy. However, we do
need to avoid the small layer of entropy generated by the explicitly
added artificial dissipation. Thus, to avoid including the effects of
the artificial dissipation, the numerical implementation of Eq. (41)
requires that the summation of the entropy terms occurs a couple of
mesh cells away from the solid surfaces.

IV. Results

Numerical results are presented to illustrate the utility of this new
inverse designtechniqueand are compared to what would otherwise
be obtained from Dang’s original method’

All of our calculations were two-dimensional and performed on
sheared H-type meshes whose vertical grid lines were aligned with
the y axis. Although the solutions produced on a body-fitted grid
are often more accurate, pitchwise treatments are more easily con-
structed on a sheared H-type meshes®®?° and are, therefore, the
grids of choice for Dang’s,’ the Dang et al.,'> and Dang and Isgro’s'®
inverse-designmethod. The numerical domain, typicallya 128 x 32
cell grid, was extended one chord upstream and downstream of
the cascade’s leading and training edges, respectively. Grid lines
were clustered near the leading and trailing edges with an algebraic
stretching that placed the smallest mesh cells, a size of approxi-
mately 0.004 of a chord, adjacent to the cascade’s solid surfaces.
A grid resolution study revealed that second-order-accurae, grid-
independent results could be obtained from grids whose bladed
regions contained a minimum of 64 mesh cells from leading to
trailing edges, provided the specified turning distribution was also
defined by more than double this number of points. These results
showed that accuracy and grid independence were influenced more
significantly by the construction of the specified turning distribu-
tion than by the actual grids themselves. Thus, our grids were con-
structed with 64 mesh cells between the leading and trailing edge
and 32 mesh cells upstream and downstream of the bladed region.
Both the thickness and turning distributions were specified by 161
data points that were then interpolated onto the bladed region’s
64 mesh cells with a third-order-accurate Taylor series approxima-
tion. All calculations were run in double precisionand convergedto
machine zero on 64-bit UNIX workstations from several different
manufacturers.*
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Fig. 1 Specified turning distribution: shock capturing.
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Our first test case was a transonic cascade designed to produce
a mass flow of m =0.0.253poc//(RTy) for specified back pres-
sure of p=0.65p,. This cascade was designed by specifying a
spacing-to-chordratio of §/c =0.55, a total flow turning of Av =
—0.7834/(RT}), and a flow turning distribution (Fig. 1) of the form

d—{}=Ccos(n;x> (42)

The scalarconstant C was againobtainedfrom Eq. (17) and the spec-
ified total turning. Here the flow was turned approximately 33 deg
from the inflow angle.

Flow calculations were performed on a 192 x 32 cell grid
(128 cells between the leading and trailing edges) where once again
the smallest cells, a size of approximately 0.002 of a chord, were
found adjacent to the cascade’s solid surfaces. The specified thick-
ness distribution was of the form

T(x) = kx%(l —x)? (43)

where the scalar constant k is chosen to ensure that T, =0.3c.
The resulting transonic flow, which has a strong passage shock ex-
tending from the suction side of one cascade to the pressure side
of the other, is shown to have accelerated the flow from an inflow
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Fig. 2 Mach number field: shock capturing.
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Fig. 3 Mach number distribution along the blade surfaces: shock capturing.
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Mach number of approximately M = 0.48 to a downstream value of
M =0.82 (Fig. 2). The Mach numberalong the cascade’s upper and
lower surfaces can be seen in Fig. 3 where, at the maximum Mach
number of approximately M = 1.6, the flow along the suction sur-
face was suddenly decelerated, through a shock, to a Mach number
of M = 0.8. The shock on the pressure surface occurs at the same ax-
ial locationasits suctionsurface counterpartand drops the flow from
a Mach number of M =1.3 down to a Mach number of M =0.7.
From theseresults we can see the discontinuouscascade geometry
(Fig. 4) thatresults from specifyinga continuoustotal turning distri-

0.5 T T T T

bution. Occurring immediately downstream of the passage shock is
a cascade discontinuity that generates the flow expansion required
to counteractthe sudden compression. It is in this manner that a dis-
continuous cascade geometry produces a continuous total turning
distribution. These results, obtained from Dang’s original scheme,
are clearly unaffected by the presence of the explicitly added ar-
tificial dissipation that is needed to stabilize the flow near shocks
without weakening them appreciably. Equation (34) shows that, by
specifying a continuous overall flow turning distribution, one al-
lows sharp entropy gradients to force the isentropic flow turning to
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Fig. 4 Discontinuous blade geometry: shock capturing.
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Fig. 5 Specified turning distribution: shock fitting.
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be likewise, thus generating the discontinuousblade geometry. Un-
fortunately, viscous effects are likely to render these inviscid results
physically unrealizable. The boundary layer’s momentum displace-
ment produces a small, but influential, blockage that is sure to alter
the location of the shock-expansion wave interactionand negate the
effectivenessof this design. An inability to cancel the shockis likely
to result in an unanticipated shock-induced boundary-layersepara-
tion occurring prematurely along the blade’s chord length. Although
shock-induced boundary-layer separations are ofen inevitable, one
wouldhope toisolate them to within the last 10 percentof the blades’

chord length. Furthermore, an uncanceledshock s likely to generate
a cove separation along the blade’s pressure side that is capable of
trapping hot gases from an upstream combustion chamber.

To avoid the cascade discontinuity of Fig. 4, we turn to the shock-
fitting treatment of Sec. II1.B.2. Here we prescribe a continuous,
isentropic flow turning distribution (Fig. 1) and then fit the effects
of the shock into our pressure condition, Eq. (41), using the scalar
constantk, = 5. Here our shock velocity term is modeled as a func-
tion of the total entropy generated across the passage shock to pro-
duce the prescribed flow turning distribution shown in Fig. 5. This
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Fig. 6 Actual turning distribution: shock fitting.
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Fig. 7 Mach number field: shock fitting.
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flow turning distributionis used to construct our pressure boundary
conditions, and the actual flow turning that results can be seen in
Fig. 6. The differences between the specified and calculated flow
turning distributions occur downstream of the passage shock where
our calculations have been modified by the entropy that has been
created. However, upstream of the shock, this flowfield (Fig. 7) is
identicalto that of Fig. 2. Downstream of the passage shock our new
flow turning distribution is responsible for generating a continuous
cascade shape (Fig. 8) that moves the shock downstream toward the

0.5 T T T T

trailing edge of the pressure surface. The Mach number along the
cascade’s upper and lower surfaces can be seen in Fig. 9 where an
maximum Mach number of approximately M = 1.7 was produced
along the upper surface before it was suddenly decelerated, through
the shock, to a Mach number of M =0.6. The shock on the pressure
surface occurs at the trailing edge and drops the flow from a Mach
number of M =1.4 down to a Mach number of M = 0.6. Whereas
the passage shock is actually stronger within this continuous ge-
ometry, its position has moved significantly downstream toward the
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Fig. 8 Continuous blade geometry: shock fitting.
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Fig. 9 Mach number distribution along the blade surfaces: shock fitting.
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trailing edge. Along the suction surface the shock has moved from
the 75 percent to 80 percent axial chord location, while the shock
on the pressure surface has been pushed from the 75 percent axial
chord location to the trailing edge—thus eliminating any chance
of a shock-induced boundary-layer separation occuring along the
pressure surface.

Clearly, these results show that our new flow turning/pressure
boundary condition Eq. (32) ensures that our cascades are both ge-
ometrically continuous and faithful to the prescribed flow turning.

V. Conclusions

With this work we have presented a new Lagrangian-based
shock-fitting techniquefor inversely designing turbomachinerycas-
cade geometries in general and transonic ones in particular. This
method, which consists of a two-dimensional flowfield integrator, a
camberline generator, and a passage-averagedmomentum/pressure
boundary condition, generates a cascade geometry in response to a
prescribed flow turning distribution.

A complex-lamellar flow decomposition was used to first show
how discontinuous geometries are created when one’s total turn-
ing distribution is specified to be continuous and shock-generated
entropy gradients are present and then to construct a shock-fitting
treatment that actively modifies the specified turning distributionto
counter this effect.

Finally, numerical results were presented to illustrate that, with
this new shock-fitting approach, our transonic cascades are both
geometrically continuousand faithful to the prescribed flow turning
distribution.
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